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'Notice

1. Do not open this test booklet until instructed to do so.

2. A test booklet, answer sheets, and draft sheets are provided. Put your examinee
number on each of the answer sheets, the draft sheets. ' :

3. Answer all problems. Use two answer sheets for each problem.
4 . At the end of the examination, double-check ybur examinee number and the problem

the other sheets, place them beside the test booklet, and wait for collection by an
examiner. Do not leave your seat before instructed to do so by the examiner.

numbers on the answer sheets. Put your answer sheets in numerical order on top of-
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Solve the following problems, where a is a positive real number.

(1) Evaluate the following integral

00 ) 4
/ re”" dr.
Jo

 (2) Evaluate the following integral

/ / (%+4%) da:dy

B (3) Let us define Fn(a) by

F.(a) :[) e dz,

where n > 0 is an integer.

a) Evaluate Fy(a).

b) Evaluate Fi(a).
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2. The matrix A is given by

0 1 1
A=]1 2 1
3 5 2

Solve the folloWing problems, where a ié a real nurhber.
(1) Find the eigenyalues of A.
(2) Obtain A% — 5A4% + aA.

- (3) Find a such that A3 — 542 + aA has a non-zero eigenvalue with multiplicity two.
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In the Cartesian coordinate system (z,y, z), the vector field A is given by
A= (yz—y)i+ (zz—3z)j+ (2% + zy) k,

where ¢, j, and k are the fundamental vectors in the z, Yy, and z directions, respectively.

In addition, the hyperboloid S is given by
S:z:\/m, 0<2<L2,
and C is the boundéry of S at z =2. Solve. the following probleins. ‘
(1) Obtain VxA.
(2) Eyaluate the line integral

‘ /A‘dr,
c

- where 7 is the position vector on C' and the line integral is taken in the rotation

direction of the right-handed screw advancing in the +z direction.

(3) Evaluate the surface integral

[5 (VxA)ndsS,

where n is the unit normal vector of S and the z component of n is negative or zero.

(Hint: use Stokes’ theorem if necessary.) -
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‘Notice
1. Do not open this test booklet until instructed to do so.

2. A test booklet answer sheets, and draft sheets are provided. Put your examinee
" number on each of the answer sheets, the draft sheets.

3. Answer all problems. Use two answer sheets for each pro_blem. ,

4. At the end of the examination, double-check your examinee number and the problem
numbers on the answer sheets. Put your answer sheets in numerical order on top of
the other sheets, place them beside the test booklet, and wait for collection by an
examiner. Do not leave your seat before instructed to do so by the examiner.
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1. Find the general solutions of the following ordinary differential equations.

d .
—y—f-2 = COSZ
dz o
— — 2y = —sinz
dz o

2) yv/1+42— 2222 = 0
.()y +y? - 20—~

2. The Fourier series of a function f(z) (=7 < z < 7) with period 27 is defined by

flz) = ?22 + Z { an cos (nz) + by sin (nz) } .

n=1

Solve the following problems.

(1) Show

L i@ yar = B4y (@)

n=1

(2) Obtain the Fourier series of f(z) = z (-7 < z < 7) with period 2m, and show
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3. The Laplace transform of a function f(t) is defined by

LIf(#)] = F(s) = / T p@y e,

Solve the following problems.

(1)

3

Let f(t) = r™ in the interval of n < t < n+1 (n‘= 0,1,2,---), as shown in
Fig. 1 on the next page. Obtain the Laplace transform of f(t), where r is a real

number and you may use

e o]
1
,r.ne ns —

1—res’
n=0 T

For a real sequence {a, }, the function g(t) is given by g(¢) = a, in the interval

of n <t <n+1(n=012,---). Express L [g(t+1)] with G(s) and ao,

where G(s) is the Laplace transform of g(t).
The sequence {a,} (n = 0,1,2,---) satisfies the following relation
nt1 — 3an, — 2" = 0.

When ay = 4, obtain the general term of a,, using the results of problems (1)

and (2).

Hint e’® —1 n 1
mey : = .
(1-2e7s)(1-3e=%) 1—2e 1—3es
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Notice

1. Do not open this test booklet until instructed to do so.

2. A test booklet, answer sheets, draft sheets, and two selected-subjects forms are
provided. Put your examinee number on each of the answer sheets, the draft
sheets, and the form.

3. Select two subjects from the five subjects in the booklet and answer all
problems in each subject. Indicate your selection on the selected-subjects form.
Use one set of two answer sheets for each subject, and use one sheet per
problem. '

4. At the end of the examination, double-check your examinee number and the
problem numbers on the answer sheets. Put your answer sheets in numerical
order on top of the other sheets, place them beside the test booklet, and wait for
collection by an examiner. Do not leave your seat before instructed to do so by
the examiner. :
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1. Consider a system of an adiabatic container of volume V filled with an ideal gas. The ideal gas
has specific heat at constant pressure ¢p and is divided into regions 1 and 2 by an adiabatic -
partition. The mass of the ideal gas in region 1 is equal to that in region 2, which is denoted by
m. The pressure in region 1 is equal to that in region 2, which is denoted by p. Thé temperatures
in the regions 1 and 2 are T1 and T2, respectively. When the partition is removed, the ideal gases
are mixed together. The volume of the partition can be neglected. Answer the following
questions.

(1) Obtain the temperature of the system after the mixing.

(2) Using the equation of state, show that the pressilre of the system does not change before and
after the mixing. ‘ ; '

(3») Obtain the entropy change of the system before and after the mixing.
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. Answer the followmg questlons where p, s, T, u and v are pressure, spec1ﬁc entropy,
~ temperature, specific internal energy and specific volume, respectively.

a

(1) Derive the following Maxwell thermodynamic relation using the equation of specific
Helmbholtz free energy, f=u-Ts. '

A
\ov), \oT ),
(2) Derive the following equation.

(5ol

(3) Show that the specific heat at constant volume of an ideal gas is a constant or a function of
temperature only, by using the equation in question (2).
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. Consider a two-dimensional steady potential flow of an inviscid incompressible fluid: The
complex velocity potential W (z) of the flow is given by ’

' | W(z)=C(1-1i)logz, v
where C is a positive real number and log is the natural logarithm; The complex variable z is
givenby z = rei®, where v and 6 are the radial and circumferential coordinates, respectively,

and i = v—1. Answer the followihg questions.

(1) Obtain the velocity potential ¢ (7, 0) and the stream function Y (7, 9) of the flow field.
(2) Obtain the radial velocity V, and the circumferential velocity V.
(3) Obtain the pressure p; at r = 1. Here, the density of the ﬂuid’is constant at p and the
’ pfessure at infinity is poo.' ’ o
4 Choose an appropriate figure illustrating the streamlines of the flow field from among
Figs. 1 a) - d). |

b)

a)
c) d)
Fig. 1
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2. Water filled in a large container flows out through a circular -pipe system as shown in Fig. 2. A circular -

pipe with the cross-sectional area S is horizontally connected to the container at the vertical distance ,
 H from the water surface. A coaxial circular pipe with the enlarged cross-sectional area Sp (Sh > Sa) -
is connected to the horizontal circular pipe. There is a water column at the enlarged part. The height
vof the water column from the central axis of the circular pipe is d The cross-sectional area of the
downstream pipe connected to the enlarged pipe is Sa. The pipe bends vertically, then the water issues
with the velocity V at the vertical distance 4 from the central axis of the horizontal pipe. The ‘ﬂow in
the pipe system is steady, and the pressure surrounding the container and the pipe is po, the pressure
at the d_epth H in the container is p1, the pressure in the horizontal pipe connected with the container
is p2, the pressure in the enlarged pipe is p3. Assuming that the container is sufficiently large, the

water in the container is static and H is constant. The diameters of the pipe system are sufficiently -
small compared with the distances H, d and A, and the pressure and the velocity at each cross-
sectional plane in the circular pipe are uniform. The density of water p is constant. The gravitational

acceleration is g. Any loss in the pipe system is negligible. Answer the following questions.

(1) Express p1 using po, p, g and H. _
: 2) Exprch the velocity v in the enlarged part of the pipe using Sa, Sb and V.
(3) Express V'using g, H and h.
4 Show the relation of magnitudes among pé, p1, p2 and p3 in descending order usirig a greater-
than symbol. | ;
(5) Express the ‘ratio of the cross-sectional area of the circular pipe to that of the enlarged pipe

Sa/Sp using H, d and h.
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1. Consider a truss composed of three uniform bars AD, CD and BD, as shown in Fig. 1. The bar
CD with length L is vertically pinned to a horizontal rigid ceiling. The bars AD and BD are
length L / cos@ and pinned to the rigid ceiling at one end and pinned to bar CD at point D, the
other end. The angle of the bar axis AD and BD from the CD is 8. All the bars are assumed to be
stress free. The Young’s modulus, cross-sectional area and coefficient of thermal expansion of
three bars are £, 4 and o (> 0), respectively. Neglect the weight of the bars. When only the
temperature of the bar CD is elevated by AT, answer the following questions.

(1) Denote the axial stresses in bars AD, CD and BD by oap, ocp and onp, respectively. Derive
the force balance equations in vertical and horizontal directions.

(2) Find the relationship among oAp, ocp and oBp. |

(3) Show the axial displacements of bar Sap, &cp and dsp using cap,-ocp and oBp.

(4) Determine oap, ocp and oBp.

L /cos@




# Bt 51 % STRENGTH OF MATERIALS

2. A beam AB of length 2L is fixed to a vertical rigid wall at end A, as shown in Fig. 2(a). The
flexural rigidity of the beam is EI Neglect the weight of the beam. Direction of the bending
moment is positive when the beam deforms convex downwards. A coordinate x is taken along the
neutral axis of the beam and its origin is located ‘at point A, as shown in Fig. 2(a). The beam is
subjected to an external load /# and a bending moment M4,. The bending moment diagram (BMD)

~ of the beam is shown in Fig. 2(b). Answer the following questiohs.

(1) Draw the direction and position of W and M, applied to beam AB with a figure of the beam.
(2) Express the bending moment applied to beam AB as a function of x.
- (3) Determine the deflection of the beam at its right end B.

AN

2L
Fig. 2(a)
MA
o L 2
9 .
WL+ M,

Fig. 2(b)
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1. Consider a vibration system coﬁsisting of a mass m, a spring with spring constant
k,‘and a dashpot with damping coefficient ¢ as shown in Fig. 1. Oscillation force
F(t) = Psinwt is applied to the mass, where P and w are the amplitude and the
angular frequency of the force, respectively, and ¢ is time. When ¢ < v2mk and the

system is in a steady state, answer the following questions.

(1) Derive the equation of motion of the system.

(2) The displacement x of the mass m is given by
= Asin(wt — @),

where

P
A= :
¢ (b — mu?)? + (cw)?

v w
and =tan"! ———=.
¢ k — mw?

Obtain w which maximizes the amplitude A.

(3) Obtain Amax/As; Whére Ay is the maximum value of A at w obtained in question
(2), and A is the static displacement of the mass m when a constant force P is
applied.

| (4) Show that Amax/As approaches v'mk/c when c‘<< Vmk.

F(t) zPsmwtl km _lx

Fig. 1
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Consider a system'consisting of a cart with mass m, two springs with spring constants
k1, k2, and a pendulum with a mass M and a string of length [, as shown in Fig. 2. The
cart is co;inected to the walls via the twb springs and can move -only in the horizontal
direction without friction. The pendulum is connected to the center of 'the mass of the
cart aﬁd can rotate only in the plane of the figure. z is the horizontal displacement of
the cart from the eqﬁilibrium position. 6 is the angular displacement of the pendulum
from the vertical direction. The gravitational acceleration‘is g. The masses of the

string and the springs are negligible. Answer the following questions.

(1) Derive the kinetic energy T of the system.
(2) Derive the potential energy U of the system.

(3) Derive the equations of motion of the systém by using the Lagrange equation.

4

» k‘l m k2

Fig. 2
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1. Solve the following problems.

- (1) Consider the linear time-invariant system P(s), which has gain characteristics
‘shown in Fig. 1. The gain characteristics are approximated using line segments

and have gain approximately 0 dB at w = 1 rad/s.
a) Find the transfer function P(s).
b) Find the impulse response of P(s). \
c) Find the stationary output y(¢) when the input is u(t) = sint.

(2) Consider the feedback control system shown in Fig. 2. The transfer functions of

the plant P(s) and the controller C(s) are given by

‘ 1 Ts+1 ‘
P — = —_—— K T .
(s) 512’ C(s) KO.ls—i—l’ >0, and >0

Find the range of T over which the system is stable no matter how large the gain

. K is.

Yy
3
[Va) .
s

VQ

[
Do
S
o
oS

X
o
5

7 'l T—_l_tT—v C(s)
w'[rad/s\] '

L4

Fig. 2

\ 40 dB/dec

Fig. 1
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Consider the system represented by
@(t) = Ax(t) + bu(t), y(t) = cz(t),

where u(¢) is the input, y(t) is the output, z(t) = [z;(t) z(¢)]” is the state vector,

and

A={0 1J, b:[OJ, and c=r1 2].
1 1 1

~ Solve the following problems.

(1) Check if this system is controllable or not. ‘ ‘ ,
(2) When the output feedback u(t) = —ky(t) is applied, find the range of k for the
closed-loop system to be stable. ’

(3) Consider the system given in problem (2) with £ = 2. Discuss the stablility of

the closed—lodp system using the following Lyapnov function candidate

V(t) = wl(t)TPw(t)v, and P =

10



