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流 体 力 学  FLUID DYNAMICS 
 
1.  As shown in Fig. 1, a cone is rotating within parallel flat plates. There is an incompressible 

Newtonian fluid with the constant viscosity 𝜇𝜇 and the constant density 𝜌𝜌 between the plates 
that flows in a fully developed steady laminar state by the cone rotation. The tip of cone is 
attached at the origin O of a cylindrical coordinate with a rotational 𝑧𝑧-axis perpendicular to the 
plates, a radial 𝑟𝑟-direction, and a circumferential 𝜃𝜃-direction. The radius 𝑅𝑅, the height 𝐻𝐻 and 
the rotational angular velocity 𝛺𝛺 of the cone, the angle between the cone and lower plate 𝛼𝛼, and 
the distance between the cone and upper plate 𝛿𝛿  are constant. Assuming that the angle 𝛼𝛼  is 
sufficiently small and a centrifugal force can be ignored, the radial velocity 𝑣𝑣𝑟𝑟 of the fluid is 
assumed to be zero. The circumferential velocity 𝑣𝑣𝜃𝜃   of the fluid can be expressed by the 
following equation. 

𝑣𝑣𝜃𝜃(𝑟𝑟, 𝑧𝑧) = �

𝛺𝛺
tan𝛼𝛼

𝑧𝑧                       ( 0 ≤ 𝑟𝑟 ≤  𝑅𝑅, 0 ≤ 𝑧𝑧 <  𝐻𝐻) 

         
𝑟𝑟𝑟𝑟
𝛿𝛿

(𝐻𝐻 + 𝛿𝛿 − 𝑧𝑧)       ( 0 ≤ 𝑟𝑟 ≤  𝑅𝑅, 𝐻𝐻 ≤ 𝑧𝑧 ≤  𝐻𝐻 + δ )
 

A wall shear stress on the plates 𝜏𝜏wall can be expressed by the following equation. 

                           𝜏𝜏wall = 𝜇𝜇 𝜕𝜕𝑣𝑣𝜃𝜃
𝜕𝜕𝜕𝜕

   ( 𝑧𝑧 = 0, 𝐻𝐻 + 𝛿𝛿) 

Answer the following questions. 
 

(1) When the characteristic length is 𝑅𝑅 , and the characteristic velocity is 𝑅𝑅𝑅𝑅 , express the 
Reynolds number Re of the flow using  𝜌𝜌, 𝜇𝜇, 𝛺𝛺 and 𝑅𝑅. 

(2) Express the averaged value of the magnitude of circumferential velocity |𝑣𝑣𝜃𝜃|����� of the fluid in 
the region between the cone and the upper plate ( 0 ≤ 𝑟𝑟 ≤  𝑅𝑅 , 𝐻𝐻 ≤ 𝑧𝑧 ≤  𝐻𝐻 + 𝛿𝛿 ) using 𝛺𝛺 
and 𝑅𝑅. 

(3) Express the magnitude of the torque �𝑇𝑇up� acting on the region of the upper plate, using 𝜇𝜇, 𝛿𝛿,
𝛺𝛺 and 𝑅𝑅. 

(4) Express the magnitude of the torque  |𝑇𝑇low|  acting on the region of the lower plate 
( 0 ≤ 𝑟𝑟 ≤  𝑅𝑅, 𝑧𝑧 = 0 ) using 𝛼𝛼, 𝜇𝜇, 𝛺𝛺 and 𝑅𝑅. 

(5) Express 𝛿𝛿 using H in the case that �𝑇𝑇up� and |𝑇𝑇low| are equal. 
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