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Notice

1. Do not open this test booklet until instructed to do so.
J 2. Put your examinee number on each of the answer sheets and the draft sheets.
3. Answer all the problems. Use two answer sheets for each problem.
4. At the end of the éxamination, double-check your examinee number and the problem

the draft sheets, place them beside the test booklet, and wait for collection. Do not
leave your seat before instructed to do so.

numbers on the answer sheets. Put your answer sheets in numerical order on top of
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1. Solve the following problems.
(1) Evaluate the following limit
tany —

lim
z—0 ;1:3

(2) Evaluate the following multiple integral

/// log /2 + y? + 22 dzdydz,
D

where the region D is given by

D={(z,y,2) | s> +y*+72><1}.

(3) Evaluate the following integral

:L.n
d
/ac-—l ©

where n is a positive integer. Use the summation symbol if necessary.
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2. The matrix A is giveﬁ by

3 1 -1
A=1]1 -1 5 1
-2 2 4

Solve the following problems.

(1) Find the eigenvalues of A.
(2) Find the eigenvectors of A.
(3) Find the Jordan normal form of A.

(4) Obtain A", where n is a positive integer.
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3. In the Cartesian coordinate system (z,y, z), the vector field A is given by
A=zxzi+yzj+ 2k,

where 4, 7, and k are the fundamental vectors in the z, y, and z directions, respectively.

The region V is given by
Vil +42—22<1, 0<z<1.

Solve the following problems.

(1) Obtain Vx A and V-A.

(2) The cylindrical coordinates (r,8, z) are defined as

r=rcosf, y=rsinf, z=z,
where 0 < § < 27. ‘Express V' using the cylindrical coordinates.
(3) Evaluate the following surfaée integral

/ A-n dS;
s

where S is the surface of V and n is the unit outward normal vector of S.
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B

Notice
1. Do not open this test booklet until instructed to do so.
2. Put your examinee number on each of the answer sheets and the draft sheets.
3. Answer all the problems. Use two answer shgets for each problem.
4. At the end of the examination, double-check your examinee number and the problem
numbers on the answer sheets. Put your answer sheets in numerical order on top of

the other sheets, place them beside the test booklet, and wait for collection. Do not
leave your seat before instructed to do so.
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1. Find the generzﬂ solutions of the following ordinary differential equations.

dy  2y* — 6xy + °

(1) dz 22y — 622
d*y dy
(2) QE—Zxd——l-%/:x (z >0)
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2. The function wu(z,t) satisfies the partial differential ‘equation

82
%Zf:é—;; (0<z<1, t>0).

Solve the following problems.

(1) Obtain the ordinary differential equations for X (z) and T(t), respectively,
when u(z,t) = X(x)T(t).

(2) Obtain the general solutions of X(z) and T(t) in problem (1).

(3) Obtain the general solution of w(x,t) that satisfies the boundary conditions

oz |,_, oz |,_,
(4) Obtain w(z,t) that satisfies the boundary conditions of problem (3)

when u(z,0) = sin? 7z .
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3. The Laplace transform of a function f(¢) is defined by
LU0 = Fo) = [ ear
The function g¢(¢) is given by
o) = S hit — nT),
n=0
where T is a positive constant and

1 0<t<
h(t) = <

AVARRNIES
l\)]‘ﬂ\’/

0 <t<0,t

Solve the following problems.

(1) Obtain the Laplace transform of h(t).

(2) Obtain the Laplace transform of g(t).

(3) Evaluate /0 OO{ /0 t g(u) du} e~ dt.
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Notice

1. Do not open this test booklet until instructed to do so.

2. A test booklet, answer sheets, draft sheets, and two selected-subjects forms are
provided. Put your examinee number on each of the answer sheets, the draft
sheets, and the form.

3. Select two subjects from the five subjects in the booklet and answer all the
problems in each subject. Indicate your selection on the selected-subjects form.
Use one set of two answer sheets for each subject, and use one sheet per
problem.

4. At the end of the examination, double-check your examinee number and the
problem numbers on the answer sheets. Put your answer sheets in numerical
order on top of the other sheets, place them beside the test booklet, and wait for
collection. Do not leave your seat before instructed to do so.
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g 2  THERMODYNAMICS

Consider a quasistatic process in which a gas with pressure p and specific volume v is
adiabatically expanded from state 1 to state 2. Pressure at state 1 is p; and specific volume at state
1 is v1. Specific volume at state 2 is v2. In this process, pv”" remains constant (n > 1). Answer

the following questions.

(1) Explain the physical meanings of a quasistatic process and an adiabatic process.
(2) Explain real gas effects which areA considered in the van der Waals equation of state in
comparison with the equation of state of an ideal gas.
(3) Consider the case where the gas is a real gas. Here, specific internal energy at state 1 is u1 and
that at state 2 is up. |
a) Express the change in specific internal energy, us — u1, using p1, v1, v2 and n.
b) Show that the change in speéiﬁc enthalpy, ho — hi, equals n (uz — u;). Here, specific
enthalpy at state 1 is 1 and that at state 2 is ho.
(4) Consider the case where the gas is an ideal gas with the specific heat ratio x and gas constant
R.
a) Show that pv* remains constant during this process.
b) When v2 =2 v1, express the temperature at state 2 and the work done by the gas during this

process using necessary symbols from pi, vi, k¥ and R, respectively.
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2. Figure 1 is the temperature-pressure (7 — p) diagram showing the changes in temperature T and
pressure p during isenthalpic processes of a real gas with a Spéciﬁc enthalpy h. Dashed line A is
the line connecting the local maximal points of isenthalpic lines. Point B is the intersection point
between dashed line A and the line of p = 0. ¢, and v are specific heat at constant temperature and

specific volume, respectively. Answer the following questions.

(1) Give the names of dashed line A and point B, respectively.
(2) Show the total differential of specific entropy s when s is a function of T and p.
(3) Show the differential change in specific enthalpy dh can be expressed by the following

equation.

ov
dh=c dT+v-T|—| ;d
. { (aij}p

(4) Usingcp, T, v and (—@i) , Show [gj for the isenthalpic process.
or ), op ), .

(5) Table 1 shows the properties of a real gas at pressure of 1 MPa. Explain whether this real
gas can be cooled by throttling expansion at the state of pressure of 1 MPa and temperature
of 500 K and give the reason. Include in the answer whether this state is located on the left
or right side of dashed line A in Fig. 1. Assume that the isenthalpic line in the temperature

range of Table 1 can be considered as a straight line locally.

T

Point B

Dashed line A—

0 p
Fig. 1
Table 1
Temperature T | Specific volume v Specific enthalpy h Specific entropy s

(K] [m*kg] [k)/kg] [kI/(kg-K)]
495 2.270 ' 2916 ) 7.898
500 2.295 2926 7.918
505 2.320 2936 7.938

- Note: Pressure is 1 MPa.

[\
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As shown in Fig. 1, a cone is rotating within parallel flat plates. There is an incompressible
Newtonian fluid with the constant viscosity ¢ and the constant density p between the plates
that flows in a fully developed steady laminar state by the cone rotation. The tip of cone is
attached at the origin O of a cylindrical coordinate with a rotational z-axis perpendicular to the
plates, a radial r-direction, and a circumferential 8-direction. The radius R, the height H and
the rotational angular velocity {2 of the cone, the angle between the cone and lower plate «, and
the distance between the cone and upper plate § are constant. Assuming that the angle « is
sufficiently small and a centrifugal force can be ignored, the radial velocity v, of the fluid is
assumed to be zero. The circumferential velocity vy of the fluid can be expressed by the
following equation.
0

Z
tana

T
7(H+5—z) (0 <r <R, H<z< H+§)

(0<r<R 0<z<H)
ve(r,z) =

A wall shear stress on the plates 7,4 can be expressed by the following equation.
]
Twall =:u£ (z=0, H+96)

Answer the following questions.

(1) When the characteristic length is R, and the characteristic velocity is R{2, express the
Reynolds number Re of the flow using p, u, 2 and R.

(2) Express the averaged value of the magnitude of circumferential velocity [vg| of the fluid in
the region between the cone and the upper plate (0 <r< R, H <z< H+§) using 2
and R.

(3) Express the magnitude of the torque |Tup| acting on the region of the upper plate, using y, 8,
) and R.

(4) Express the magnitude of the torque |Tjo| acting on the region of the lower plate
(0 <r<R z=0) usinga, u, 2 and R.

(5) Express & using H in the case that |Tup| and |Tjow| are equal.

Z
5| R
0o <22
0 T
Fig. 1
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Consider a steady two-dimensional potential flow of an inviscid and incompressible fluid. The
complex potential W (z) of the flow is given as follows:

W(z)=iUz+ mlogz,
where U and m are positive real numbers, log is the natural logarithm and i = v—1. The
complex variable z is given by z = re® in the polar form. The r and 6 are the radial and

circumferential coordinates, and the range of 6 is —7 < 6 < 7. Answer the following questions.

(1) Express the velocity potential ¢(r, 6)2 and the stream function (r, ) using necessary
symbols from U, m, r and 6, respectively.
(2) Express the radial velocity v, and the circumferential velocity vy using necessary

symbols from U, m, r and 0, respéctively.

~

3) Obtain the radial velocity v, and the circumferential velocity vg at infinity with 8 = —m/2,
0, m/2 and m, respectively.

(4) Obtain the coordinates (r, ) of the stagnation point.

(5) Obtain the coordinates (r,8) of the points where the streamlines passing through the

stagnation point intersect the lines 8 = 0 “and 6 = 7, respectively, excepting the origin.

(6) Choose one figure of the streamlines of the flow field from (a) to (h) in Fig. 2.
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1. Consider a stepped solid circular shaft ABC as shown in Fig. 1. The length and diameter of
portion AB are L and 2d, and those of portion BC are L and d, respectively. The shear modulus
of the shaft is G. Answer the following questions.

(1) Asshown in Fig. 1(a), the stepped solid circular shaft ABC is fixed to a rigid wall at left end
A, and 1s subjected to a twisting moment M; at right end C. Determine the specific angles of
twist of portion AB and BC, and the angle of twist at right end C.

(2) As shown in Fig. 1(b), the stepped solid circular shaft ABC is fixed to rigid walls at left end
A and right end C, and is subjected to a twisting moment M; at position B. Deterrhine the
reactive twisting moments M and Mic at left end A and right end C, and the maximum shear

stress and maximum tensile stress of the shaft.

1A B C
M
§_,_._.221. ........... 4 dl___ -
% , ’
/ L L
(a)
?A RMt C //
/2d$ ________ { _________ T
/|
T——Y U
7] -
- (b)
Fig. 1
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2. Consider an L-shaped frame ABC of uniform bending stiffness £/ in contact with a stepped floor
ADEF as shown in Fig. 2. The L-shaped frame ABC consists of a beam AB of length /4 and cross-
sectional area 4, and a beam BC of length / and cross-sectional area A4, joined at point B. The
entire beam BC is subjected to an equally distributed load w. The stepped floor height is 4.
Neglect the weight of the beams. Answer the followirig questions. |
(1) Draw the shear force diagram (SFD) and bending moment diagram (BMD) of beam AB and
beam BC, taking points A and B as origins, respectively.

(2) Find the shrinkage Jp at point B of beam AB and deflection angle &g of beam AB.

(3) Find the equally distributed load w when the right end C of beam BC comes into contact with
floor EF.
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Consider a system consisting of a spring with spring constant k., a shaft with fotational stiffness
k, a dashpot with damping coefficient c;, a rotational dashpot with damping coefficient c,, a
rigid disk with radius r and mass moment of inertia J, and a mass m as shown in Fig. 1. A
rope is wound around the disk rim and its end is tightly connected to the mass m. The masses of
the spring, the shaft, the dashpots, and the rope are negligible. The rotational dashpot generates
viscous damping moment represented as a product of angular velocity and damping coefﬁcieﬁt
¢,. The displacement of tﬁe mass m from the equilibrium position is denoted by x. Answer the

following questions.

(1) Obtain the kinetic energy T of the system.

(2) Obtain the potential energy U of the system:.

(3) Derive the equation of motion of the system.

(4) Obtain the conditions for the system to be overdamped, critically damped, and underdamped,

respectively.

ANuuay
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2. Consider a system which consists of two trailers and two springs as shoWn in Fig. 2. Trailer 1
with mass m; is placed on a horizontal floor, and is connected to a wall by a spring with spring
constant k. Trailer 2 with mass mz is placed oﬁ trailer 1, and connected to trailer 1 by a spring
with spring constant k,. The wall is oscillated horizontally by an external displacement u =
dsin wt, where a is the amplitude of the external displacement, w is angular frequency, and
t is time. The trailers move only in the horizontal direction with no friction. The absolute
displacements of trailers 1 and 2 from the equilibrium positions are denoted by x; and x,,
respectively. The masses of the springs are negligible. When the system is in a steady state,

answer the following questions.

(1) Derive the equation of motion for each trailer.
(2) Find the amplitudes of x; and x,.
(3) Determine the angular frequency w at which the amplitude of x; becomes zero. In

addition, find the amplitude of x, at the angular frequency.

~ X1 X2
i k2
A AN m

/ k m1 ’
/) 1 OO
S—AA—
/) Q) Q)

S S S SS S SSS

Fig. 2
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1. Consider the closed-loop control system shown in Fig. 1. The open-loop transfer func-
tion L(s) is given by

K
L(s) =
(s) s(s+1)(s+4)’
where K is a positive constant. R(s), Y(s), and E(s) denote the Laplace transforms
of the reference input r(t), the output y(¢), and the error e(t), respectively. Solve the

following problems.

(1) Derive the closed-loop transfer function 7'(s) of this control system.

(2) Determine the range of values of K for which T'(s) is stable.

(3) Sketch the root locus of T'(s) as K in L(s) varies. Also, find the value of K at
the stability limit where the system exhibits sustained oscillations, and determine
the corresponding angular frequency w of the oscillation.

(4) When a unit rarﬁp input 7(t) = ¢ (¢t > 0) is applied, calculate the steady-state
value of the error e(t).

(5) Suppose that the gain K in L(s) is changed to a PI controller. Find K (s) so that

* the closed-loop system is stable and the steady-state error to a unit ramp input

becomes zero.

R(s) o B(s) Y
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2. Consider the system expressed by the state equations

B(t) = Ax(t) + bult), (t) = ca(t),

where u(t) is the input, y(t) is the output, 2(¢) = [z1(t) z2(t)]” is the state vector, and

A:[p 1}, b=H, and CZ[p '1].

g p p

Solve the following problems.

(1)
(2)
(3)

(4)

(5)

Given p # 0,q = —1, find the transfer matrix e4*.

Given p = 2,¢ = —1, find the transfer function from input to output.

When ¢ = 1 and given A and b, there is a condition of p that arbitrary assignment
of poles is not possible via state feedback. Find this condition. \
Consider the reason why the poie assignment cannot be achieved using state
feedback for the condition derived in problem (3), where p > 0. Transform the
system és 21 =21+ 2y and 25 = 11 — T, and answer the reason by drawing the
state variable diagram to illustrate the relationship between the variables. As an
example of a state variable diagram, the state variable diagram for w = 3w + u
is shown in Fig. 2.

Suppose a state feedback with ¢ = 1,
u = —kx, ‘k = [k; —1}

is applied to the system. The poles of the closed-loop system are assigned to —5
and —6. Find p and & with the condition of p > 0.

u(t) + 1 w
s

+

Fig. 2
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